
Compressible Cake Characterization
from Steady-State Filtration Analysis

Peter Kovalsky, Marion Gedrat, and Graeme Bushell
Particle and Catalysis Research Group, School of Chemical Sciences and Engineering, University of New South Wales,

Sydney, NSW 2052, Australia

T. David Waite
Centre for Water and Waste Technology, School of Civil and Environmental Engineering, University of New South Wales,

Sydney, NSW 2052, Australia

DOI 10.1002/aic.11193
Published online May 7, 2007 in Wiley InterScience (www.interscience.wiley.com).

A numerical technique for quantifying the key material properties that describe how
a flocculated suspension behaves under constant pressure filtration is presented with
unrestricted compressive yield stress and permeability models used to describe these
material properties. Using an iterative procedure, the optimal parameters for these
models are calculated as are pressure and solid fraction distribution profiles. Input pa-
rameters to the numerical analysis are flux and final cake height data obtained from
batch filtration experiments, which are driven to steady-state. This technique is vali-
dated against piston driven filtration (odeometer) and centrifuge experiments for zirco-
nia, soil particles, and yeast assemblages. The compressive yield stress calculated
from filtration experiments agrees well with values obtained by odeometer and centri-
fuge studies for all particle systems studied at both the low and high solid pressure
regions. Similarly, the calculated permeability agrees well with the measured perme-
ability. � 2007 American Institute of Chemical Engineers AIChE J, 53: 1483–1495, 2007
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Introduction

Despite the huge amount of work that has been under-
taken,1–3 the manner in which flocculated particles behave
under compression is yet to be well understood. When com-
pressed beyond the gel point, flocculated materials will tend
to consolidate, with the extent of volume reduction depend-
ent among other things, on the interparticle bond strength. In
many cases, extensive consolidation leads to transformation
from a high porosity, high permeability system to a low po-
rosity, low permeability system while in others (such as
swelling clays), high porosity yet low permeability is main-
tained due to the gel-like nature of the material and its resist-

ance to consolidation. To complicate the issue further, the
pressure exerted on the solids is nonuniform and a gradation
in extent of consolidation is observed in the direction of
increasing solid pressure. Being able to quantify features
such as the local permeability and compressibility of a mate-
rial and to assess the impact of these properties on the mac-
roscopic behavior of the consolidated material is of industrial
significance. For example, understanding the connection bet-
ween flocculant choice and operating conditions and the
resulting impact on the material properties of the resulting
accumulated solid or ‘‘cake’’ is critical in performance of
processes such as sludge dewatering and membrane filtration.

Motivation for the study

In this work, a numerical technique for assessing the filter-
ability of a flocculated system based on laboratory scale
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dead-end filtration data is demonstrated using the approach
and terminology adopted by soil physicists and membrane fil-
tration specialists interested in water flux through consoli-
dated porous solids.

The approach adopted here is based upon the observation
that solid loadings in drinking water filtration are relatively
low (<100 ppm). Over short time scales at least, one can
assume that the accumulation of new material onto a cake is
negligible, with the cake reaching a pseudo-steady state
(with respect to thickness and material properties) in
response to operating pressure changes. We are particularly
interested in the extent of consolidation of the cake at
steady-state and the flux through this consolidated cake.

In this work, we also address the complexities of modeling
filtration in gas driven filtration systems under conditions
typical of those encountered in low pressure submerged
membrane filtration. We propose that the technique devel-
oped here could be utilized as an in situ tool for measuring
the dewatering (consolidation) properties of the suspended
material based on real plant filtration data.

Availability of an in situ method for characterizing the
material properties of raw water is important to ascertain the
characteristics of the material that contributes to poor filter-
ability. It may also be possible to predict the cut-off flux
(i.e., the point at which an increase in pressure leads to a
decrease in throughput) based on the materials dewatering
properties. This is particularly important for constant flux fil-
tration and optimization of the frequency and intensity of fil-
ter cleaning.

The approach described here is a numerical technique for
quantifying the dewatering properties of a material which,
concomitantly, enables determination of the extent of consol-
idation during filtration. The key dewatering properties are
the permeability (ease of fluid passage through the cake) and
compressibility (a measure of the strength of the particle net-
work). The technique is based on the assumption of poten-
tially reasonable permeability K(f) and compressive yield
stress PY(f) functions. Evaluation of the accuracy of the
assumed functions is undertaken by substituting these func-
tions into a momentum balance equation and integrating
across the cake to compare the calculated pressure drop with
the actual measured pressure drop. A convergence process is
required to select parameters for K(f) and PY(f) such that
the difference between the measured and predicted pressure
drops is minimized.

Traditional cake modeling

The classical filtration equation derived from Darcy’s
Law4 relates flux (J) through a porous medium covered in a
porous cake to both the pressure applied across the filtration
medium (DP) and the resistance of the cake (Rc) and mem-
brane (Rm):

J ¼ 1

Ac

dV

dt
¼ DP

mðRc þ RmÞ (1)

where J is defined as the rate of change of cumulative filtrate
volume V per area Ac and m is fluid viscosity. The assump-
tion is made that the resistance of the cake layer is directly
proportional to the amount of mass deposited on the filter

with mass accumulating in direct proportion to the volume of
suspension filtered; i.e.

Rc ¼ a
csV

Ac

(2)

where a is the specific cake resistance and cs is the solid vol-
ume concentration.

Added complexity arises for materials that are compressi-
ble. To account for this it is necessary to address how the
permeability of cake changes with pressure. Tiller proposes
the following model for the average specific cake resistance5

aav ¼ aoDPN (3)

where ao is the specific resistance at some nominal pressure,
DP is the difference between the applied pressure and nomi-
nal pressure, and N is an indication of the cake compressibil-
ity. Typically, the value of N is measured experimentally.

For modeling the filtration behavior of highly compressible
material such as those developed from flocs, this approach
has real limitations as there is likely to be significant varia-
tion from the average specific resistance within the cake, par-
ticularly as a gradient in pressure through the cake is to be
expected. It is thus necessary to analyze compressible cakes
based on local cake properties rather than average cake prop-
erties, however such analysis is relatively complex if under-
taken whilst the cake mass is increasing and undergoing con-
solidation. The problem is simplified here by considering a
steady-state filtration approach in which cake mass is con-
stant and consolidation has ceased.

Recent work on cake characterization

Investigators concerned with the optimization of the per-
formance of filter presses have given particular attention to
the characterization of cakes formed from highly compressi-
ble material.6 Variation in cake properties with time is com-
monly described by the momentum balance for the filtration
process,7 i.e.

qf
qt

¼ q
qz

DðfÞ qf
qz

� f
qH
qt

� �
(4)

where f is the solid volume fraction, z is the distance in the
direction of cake formation, t is time, H is cake height, and
D is cake diffusivity (which is a function of solid volume
fraction). By solution of Eq. 4, it is possible to deduce the
local cake properties.

Several authors propose solutions to this momentum bal-
ance equation. Landman et al.8 proposes a solution using a
similarity substitution to obtain an equation for the cumula-
tive outflow of the form

V ¼ bt
1
2 (5)

where V is the outflow due to consolidation of the cake and
b is obtained from the slope of a t/V versus V curve. It is im-
portant to note that this equation will only be valid where
the outflow is exclusively due to collapse in the cake and not
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due to the additional contribution from supernatant passing
through the cake. This may well occur when the initial sus-
pension consolidates/settles under its own weight leaving a
layer of clear supernatant above which is subsequently
pushed through the cake. In this situation, the experimentally
derived value of b could potentially be overestimated with
the extent of overestimation being dependant on the nature
of the particle system.

In the approach presented here, our particle network is
allowed to consolidate under gas pressure until df/dt ¼ 0
and dH/dt ¼ 0, thus eliminating the complexities of dynamic
cake behavior such as settling and consolidation. By taking
this steady-state approach we show that it is possible to
obtain the solid fraction profile by reducing Eq. 4 to

df
dz

¼ C

DðfÞ (6)

where the solid fraction profile is only a function of the dif-
fusivity D(f). The diffusivity function D(f) can be expressed
in terms of the compressive yield stress PY(f) and hindered
settling function R(f) as8

DðfÞ ¼
ð1� fÞ2 dPYðfÞ

dðfÞ
RðfÞ (7)

Given the steady-state filtration assumption, we develop a
numerical technique to calculate the local solid fraction pro-
file f ¼ f(z) based on compressive yield stress and perme-
ability (analogous to the inverse of the hindered settling
function). We then use this local solid fraction profile as the
basis for evaluating our permeability and compressibility
functions.

Gas driven filtration versus piston driven filtration

In submerged membrane filtration, suction pressure is
applied at the outlet drawing the influent water through the
membrane. This is similar to the classical laboratory gas
driven filtration system, where gas pressure forces the fluid
through the membrane and, in the process, compacts the ma-
terial deposited on the cake.

Consolidation studies traditionally involve the use of a pis-
ton driven device where pressure is directly exerted on the
particle network forcing the fluid out of the network and
through the membrane. The manner in which the load is
applied makes it an ideal choice for modeling the consolida-
tion as the pressure exerted on the cake is uniform (i.e., does
not vary spatially through the cake) allowing calculation of
the local solid fraction directly. It is for this reason that a
piston filtration approach has been chosen to validate our nu-
merical ‘‘cake integration’’ approach.

A number of other investigators have used piston devices
to measure compressibility and permeability characteristics
of porous assemblages.9,10 Although piston filtration is ideal
for characterizing material properties, experiments are con-
strained by the piston geometry where it would be difficult
to modify the filtration cell to accommodate in situ size mea-
surement and/or shearing. This makes gas filtration desirable
as there are less geometrical constraints and it is akin to the

real world filtration process of interest. Hence, in this study,
we utilize an approach to quantify the dewatering properties
of a material based on gas filtration data.

Compressive yield stress PY(f) and permeability K(f)

The permeability of a porous medium is a measure of how
easily a fluid can pass through the medium. For single
spheres arranged in a specified manner, this can be modeled
by the Carman–Kozeny relationship;11 i.e.

dPL

dz
¼ kf2

ð1� fÞ3d2pUs

(8)

where k is a constant, dp is the particle diameter, PL is the
liquid pressure and Us is the superficial fluid velocity. For
flocculated material this is a poor estimation of the pressure
drop as there is a wide distribution in cake pore size, leading
to an overestimation of the pressure drop. In this work, we
do not restrict ourselves to a particular model; rather, we
choose an unrestricted functional form which suitably des-
cribes the permeability of a wide range of materials.

In the studies reported here we characterize the compressi-
bility of filter cakes in terms of the compressive yield stress
PY(f), which is defined as the pressure required to compress
a cake to a given solid volume fraction. This is valid any-
where above the point at which flocculated particles form a
continuous network (gel point). For filtration, it is important
to characterize the compressibility of our cake, as a small
change in solid fraction can lead to a change in permeability
of several orders of magnitude.12

There are numerous functional forms for compressive yield
stress models. Amongst the most straightforward is the power
law13

PY ¼ kfg (9)

which has been observed to describe the compressibility of
salt destabilized systems of zirconia. Physically, this model
suggests that for every incremental increase in solid fraction,
there is an increase in the number concentration of interpar-
ticle bonds for a given volume of cake. The force required to
induce a yielding in the bond network appears to increase as
a power law with solid fraction, where the magnitude of the
exponent g quantifies the strength of the particle network.

Smiles14 also observed that for soils, the solid volume
fraction varies with applied pressure in a logarithmic fashion
though he parameterized this in terms of the moisture ratio
(W) and the overlying water head (c); i.e.

# ¼ A� B lnðcÞ (10)

where

# ¼ 1� f
f

(11)

Similar behavior has been described for a variety of soil
and clay type particles.15 However, the suitability of
this model for our systems is questionable since negative
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moisture ratios are predicted at high solid pressures. Further-
more, the moisture ratio predicted as PS ? 0 does not equate
to the gel point moisture ratio due to the discontinuous
behavior of the function at this limit. As a result of these
inconsistencies, this model was considered unsuitable for our
work.

Channel et al.16 have shown that flocculated alumina nano-
particles exhibit nonpower law compressive yield stress. The
results clearly show that cakes formed from highly floccu-
lated material exhibit greater strength initially but then con-
verge to a power law form at higher solid fractions. Similar
behavior was observed by Gladman et al.17 in studies of the
dewatering of slurries treated with polymeric flocculants.

In studies reported here, an unrestricted functional form is
used that encompasses all types of behavior. As described
later in this paper, a model of logistic form is shown to be
both suitable and convenient for the purpose of demonstrat-
ing the approach.

Review of other numerical approaches

A variety of alternate techniques to those used here have
been developed to address the need for characterization of
local filter cake properties that develop in pressure (or vac-
uum)-driven filtration systems.

Phillip18 suggests a numerical method involving material
coordinate transformation of Eq. 4. It is possible to predict
the local cake properties using this technique if one assumes
a moisture ratio versus pressure function of the form shown
in Eq. 10.

Wakeman19 suggests an integration technique for solution
of the differential equations describing cake formation. This
technique requires an intrusive method for determining liquid
pressure through the cake (i.e. Pitot probe or similar) or
alternatively using a resistivity technique. However, varying
the initial solids concentration is likely to bias cake perme-
ability for flocculated systems due to inconsistent floc size
between measurements. Additionally, intrusive probes cannot
be used for thin cakes.

Lu et al.20 used a numerical technique for analysis of flux
data. This approach gives local cake properties but is highly
model-dependant and, as such, is not well suited to applica-
tion across a wide range of materials and conditions. The Lu
approach uses the Carman–Kozeny relationship to describe
the expected pressure drop across a section of cake. This
approximation is suitable for nonflocculated suspensions but,
given the heterogeneity of pores in cakes formed from floc-
culated suspensions, it may well over estimate the pressure
drop.

It is clear from this brief review that a more robust way of
determining cake properties at a local level would be useful.

Theoretical Basis

A technique for quantifying the compressive yield stress
and cake permeability from steady-state filtration data is
described here. The key to this approach is the procurement
of reliable and consistent filtration data and final cake heights
or average moisture ratios. Using these values as input data,
we perform a numerical integration over the cake depth to
calculate the compressibility and permeability functions that

most accurately reproduce the observed filtration behavior.
The estimation of these dewatering properties is free of
model assumptions and, as such, has the potential for quite
general application.

Numerical integration overview

The numerical technique used here involves conceptualiz-

ing the total cake mass as an accumulation of discrete slices.

A momentum balance is performed for each slice in a sequen-

tial manner. This is performed from the top of the cake to the

bottom of the cake as the force external to a slice is exerted

from above. On the basis of the assumption that the solid par-

ticles are not deformable, the momentum balance is given by

qPL

qz
¼ � qPS

qz
(12)

where PL is the local liquid pressure and PS is the local solid

pressure. The numerical cake integration procedure performs

this force balance in a discrete manner on the basis of a slice

of fixed mass. For each cake slice we define a pressure drop as

follows

dPL ¼ J

KðfÞ dm (13)

where dPL is the trans-slice liquid pressure drop, J is the

steady-state filtrate flux, which is a constant through all slices,

dm is the incremental cake mass with units of kg/m2 and K(f)
is the mass-based permeability, which we define for our study.

The mass-based permeability compares to the Darcian perme-

ability according to the following equation

Kd ¼ Km
rf

(14)

where r is the particle density.
To quantify the local solid pressure PS or liquid pressure drop

DPL relative to the applied pressure we integrate Eq. 13; i.e.

DPL ¼ PS ¼ J

Z M

0

dm

KðfÞ (15)

where PS is the cumulative solid pressure due to the force

imparted by the cake (of mass M), dm is the nominal slice mass

and J is the flux obtained from filtration experiments. Equation

15 is evaluated numerically as detailed in the Technical Appen-

dix. By definition, the solid pressure corresponding to the equi-

librium local solid fraction is equivalent to the compressive

yield stress.
If we substitute our experimentally determined J values

into Eq. 15 and select an appropriate form for function K
then we expect the following criteria to be satisfied

PS;n ¼ DPJ (16)

where DPj is the pressure applied during the steady-state fil-
tration, which resulted in measured steady-state flux Jj where
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subscript j denotes the particular filtration runs at 12.5, 25,
50, 100, and 200 kPa. To calculate the solid pressure exerted
on the membrane, defined as PS,n, we integrate according to
Eq. 15 across the whole cake. Thus, we must first assume a
form for K(f) then iteratively refine its parameters such that
the convergence criterion is met. In addition, a functional
form of the solid fraction dependence on PS (i.e., the inverse
compressive yield stress function f(PS) is required for the
numerical integration. The assumed forms for both K(f) and
f(PS) are detailed in the Technical Appendix.

For the correct K(f) and f(PS), the criteria set by Eq. 16

must be met independent of applied pressure. To ensure that

this is the case, filtrations are performed for at least five

different nominal pressures DPJ and the best permeability

and compressibility fits obtained to the complete data set.
A detailed explanation of the numerical technique used is

given in the Technical Appendix.
For the reciprocal arrangement where the material pro-

perties are known, it is possible to calculate the filtrate flux

by the procedure described here. An iterative procedure is

required to calculate J such that the following relationship is

obeyed

J

Z M

0

dm

KðfÞ � DPJ ¼ 0 (17)

where J is the calculated filtrate flux and DPJ is the applied
filtration pressure.

Materials

The experimental component of this work involves the ac-

quisition of filtration data for input to the ‘‘cake integration’’

procedure. For the experimental work three types of particles

of distinctly different characteristics were chosen to validate

the technique. For each particle system, pressure filtration

studies were undertaken for at least five nominal pressures

and a stepped pressure piston filtration study was performed

to validate the deduced compressibility model. Additional

comparisons between the model deduced from filterability

studies and results obtained using a centrifuge technique

were undertaken to validate the deduced model in the moder-

ate to low pressure range. The permeability model was also

validated using a compression-permeability (CP) device

known as a Rowe Cell. The Rowe Cell differs from other

odeometers in that there is provision for directly measuring

the permeability of a sample in addition to determination of

its compressibility.

Particle preparation

Two types of zirconia (ZrO2) are used as model particles
in this study, both of which have well behaved and reproduc-
ible characteristics. Zirconia has been used in numerous
other compressibility studies.9,10,13,16 The zirconia particles
(Aldrich Chemical Company, Milwaukee, Wisconsin) pos-
sessed a specific density of 5.850 and exhibited mean parti-
cle sizes of 5 and 10 mm. The zirconia suspensions were pre-

pared in 0.1 M KNO3 with 10 mM sodium tetraborate tetra-
hydrate used to buffer the suspension at a stable
nonflocculating pH of 8.8. Acetic acid (0.1 M) was added to
the stirred zirconia suspensions to reduce the pH to the iso-
electric point of pH 7.3 where flocculation occurred. For the
zirconia system the steady-state floc sizes were approxi-
mately 90 mm for the 5 mm zirconia and 70 mm for the
10 mm zirconia as measured in situ by focused beam reflec-
tance measurement (FBRM) using a Lasentec (model
M400L-316K).

Yeast was also chosen for the validation work as an exam-
ple of a soft biological particle typical of those found in
wastewater treatment. Two types of yeast were chosen.
Bakers yeast supplied by Tandaco was used, having a mean
particle diameter of 5 mm and specific density of 1.40. Opti-
mum flocculation for these yeast particles has been observed
by the authors and other workers21 to occur at pHs between
4 and 5. The floc size was approximately 120 mm as meas-
ured with the FBRM. Dried yeast supplied by Fluka was also
used. While this material has similar mean particle size and
specific density to the Tandaco yeast, particle size measure-
ment indicated that smaller flocs occurred at pH 4.5 with
mean floc size attained of <20 mm.

The preparation of yeast suspensions is somewhat more
complex than that of zirconia. According to Hughes and
Field,22 it is necessary to wash the yeast as the transmem-
brane pressure rise for washed yeast cells has been found to
be lower than that for unwashed yeast. For this reason, the
yeast was dispersed in milli-Q water and sonicated with a
high power sonicator (Model Misonix) for 5 min at intensity
of 24 W in a volume of 0.5 L. Following sonication, the
sample was centrifuged at 3,000 rpm and 108C for 15 min
using an Allegra 25R centrifuge. The supernatant was deca-
nted and the yeast washed in a manner identical to the first
washing procedure, except that sonication was undertaken
with a Consonic Model SM 2200 sonicator as only a lower
power sonication was necessary to redisperse the yeast. The
washed yeast was resuspended in milli-Q water and floccula-
tion induced by lowering the pH to approximately 4.5 with
0.1 M acetic acid dosed into a high shear environment cre-
ated by a four blade axial impeller operating at 500 rpm. To
encourage flocculation, the suspension was subsequently
stirred with the impeller for 5 min at a reduced speed of
250 rpm.

A clay type soil material was also used in our studies. The
soil is heterogeneous in nature (Tweed River, Queensland,
Australia). This particle system was chosen to further illus-
trate the flexibility of the approach described above. The soil
particle size was measured using forward light scattering and
found to be polydisperse with a mean particle size of 15 mm.
The soil was stored in its sampled state with care taken to
maintain the moisture content close to that of the original
sample. The soil exhibited a specific density of 2.6. The floc
size varied between 50 and 60 mm as measured with the
Lasentec FBRM.

The soil was prepared by dilution will milli-Q water to a
solid fraction of 0.05 and a total volume of 200 mL. The soil
was stirred at 1,000 rpm to disperse the particles. The stirring
speed was lowered to 250 rpm and 0.1 M acetic acid added
to bring the pH down to 3.5 in order to induce flocculation.
Stirring was continued for 5 min.
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Methods

Filtration cell

Steady-state filtration data was obtained using the dead-
end batch filtration cell shown in Figure 1. A pressure con-
troller (Bronkhurst 602C) was used to maintain a precise and
constant transmembrane pressure in the 12.5–200 kPa
(6 0.1%) range, and filtrate flow data was logged using an
electronic balance and standard PC. For all experiments, Sar-
torius 0.2 mm cellulose acetate membranes were used.

Experimental procedures. The flocculated suspension
was poured into the filtration cell and allowed to settle.
Depending on the system, the filter cake was allowed to con-
solidate for up to 30 min to within 5% of the expected
steady-state height (Figure 2), where fg and f? represent
the gel point solid fraction and solid fraction at z ¼ 0 respec-
tively. After consolidation, the system was pressurized, the
valve opened and permeate mass sampled at fixed intervals.
The filtration was continued until the flux reached steady-
state at which point it was stopped.

Any remaining supernatant was removed with special care
to ensure that the solid was not disturbed. The cake height
was then measured using a volume displacement technique.
This involved transferring the wet cake to a volumetric flask
of suitable size with care taken to preserve the water within
the cake structure. Water was then added to the volumetric
mark and the volume of cake determined from the flask vol-
ume minus the volume of water added. With the volume of
the cake known, the final cake height was calculated as fol-
lows

H1 ¼ Vc

Ac

(18)

where Vc is the cake volume and H? is the steady-state cake
height. By using high particle loadings, cake volumes of
around 20 cm3 were typically formed. In general, the volume
displacement technique relies on a sufficiently large cake to
minimize measurement error. For thin cakes, a more precise
technique would be necessary. It should be noted that it is
important to stop the filtration before all the water is expelled
from the filtration cell, as error is likely to be introduced if
cake desaturation occurs. From direct observation of cake

height in separate experiments, we have found that the error
associated with this technique is within 3% at 20 mm and
5% with cakes of 10 mm thickness. This error arises from
losses of material during separation of supernatant.

Compressive yield stress

Comparison measurements of the compressive yield stress
were undertaken by piston filtration (odeometer) and centri-
fuge settling techniques.

Odeometer (rowe) cell. To validate the method described
above, the Rowe Cell was used to directly determine the
compressive yield stress for the materials of interest. For a
piston driven system, the force applied by the piston is equal
to the force of the interparticle bonds acting to oppose the
compaction of the cake. As a result, the network stress is
uniform throughout the cake leading to uniform cake porosity
when the cake is at equilibrium. Given these conditions, we
can calculate the solid fraction of the cake under piston load

ff ¼
foHo

Hf

(19)

where fo is the initial solid fraction, Ho is the initial suspen-
sion height and Hf is the final cake height. Alternatively, ff

can be measured by oven drying the wet cake. For piston fil-
tration, the compressive yield stress is equal to the applied
piston pressure corresponding to the equilibrium solid frac-
tion ff.

Experimental equipment. The piston filtration device
used in our studies is a Rowe Cell23 of diameter 76.2 mm
and recommended for sample heights of 30 mm. The cell
itself consists of three parts: the body, the cover and the
base. All three components are made of copper. The cell
body is clamped between the base and cover by long tie-
bolts as shown in Figure 3.

For the studies described here a 0.45 mm Millipore mem-
brane on a thin polyester filter support was used. The piston
pressure was regulated using a pressure controller (Bronk-
horst 602C). The permeate exited the Rowe Cell at its base
and was weighed on a computer-logged electronic balance.

Experimental procedures. The flocculated particles were
poured into the Rowe Cell and the particles allowed to settle
and consolidate under gravity. After consolidation the clear
supernatant was removed using a syringe. To ensure constant
pressure distribution over the filter cake, a thin aluminium
metal plate was placed between the piston and the cake. Fol-
lowing closure of the cell top, pressure was applied at a start-

Figure 2. Time line showing consolidation to steady-
state prior to filtration.

Filtration is commenced and run to steady-state (i.e. dJ/dt = 0).

Figure 1. Experimental set-up used for filtration studies.
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ing value of 12.5 kPa and filtrate collected until no further
liquid was expelled. The pressure was then stepped up to
25 kPa (then 50, 100, and 200 kPa) and the process
repeated. The moisture ratio of the zirconia filter cake was
obtained by oven drying at 1208C for 24 h. The moisture ra-
tio of the yeast cake was best determined from cake volume
as oven drying tends to remove cell water in addition to the
free water. The cake height (and subsequently volume) was
easily determined using a digital caliper. Knowing the final
moisture ratio, the moisture ratios at the lower pressures
could be back calculated by mass balance based on the vol-
ume of permeate expelled from the Rowe Cell at each pres-
sure step.

The Rowe Cell filtration of zirconia was performed from a
starting solid fraction of 0.06. The collected filtrate volume
versus time data are shown in Figure 4 where the distinct
stepped pressure phases during the filtration are evident. Ini-
tial consolidation times are typically 1–2 h depending on the
material. Once the cake had consolidated to the equilibrium
height at the initial pressure, subsequent pressure steps
required about 15–30 min to reach equilibrium.

Equilibrium height settling tests (gravity and centrifuge)

The centrifuge used was a Spintron GT–175 with capacity
for 16 tubes, top speed of 4,000 rpm, maximum volume of 4
� 250 mL and radius R of 160 mm. To ensure a constant ra-
dial stress distribution throughout the sample, it was neces-
sary that flat bottomed tubes were used. Transparent, 50 mL
conical bottomed centrifuge tubes were used with the flat
bottom created by injecting a small quantity of silicone into
each tube using a syringe. The silicone was allowed to set in
an upright position for 24 h.

Experimental procedures. In the multiple speed equilib-
rium sediment height technique, the equilibrium sediment
height Heq and gravitational constant g are obtained. By
using this raw data, PY(f) and the solid fraction can be
calculated using the mean value theorem of Buscall and
White.24 The mean value ‘‘approximate’’ solution for

PY(f(0)) is a very good solution to the compression equa-
tion25; i.e.

Pð0Þ � DrfoHog 1� Heq

2r

� �
(20)

fð0Þ �
foHo 1� 1

2r Heq þ g
dHeq

dg

� �h i

Heq þ g
dHeq

dg

� �
1� Heq

r

� �
þ H2

eq

2r

h i (21)

Particular experimental procedures were used for soil and
yeast, as described below.

Soil: A defined volume of suspension was placed in a
tube, typically to 90–95% of the tube capacity. The sample
was then centrifuged for 30 min at a constant speed S. The
supernatant was poured into a beaker and the tube with com-
pacted soil weighed. To measure Heq, water was added to the
filter cake until there was a volume of 40 mL in the tube.
The equilibrium sediment height could then be calculated by
volume difference. The tube was weighed and the superna-
tant returned to the tube. The speed of centrifugation was
then increased and the procedure repeated. Five to seven
equilibrium heights for different speeds were required.

Yeast: The experimental procedure for yeast was almost
identical to that used for soil except that the height was
obtained by measuring the interface between the sediment
and the supernatant and an average of the highest and lowest
parts of the interface determined.

Permeability

Permeability of consolidated cakes was obtained using the
Rowe Cell but operated in a different manner to that used
for determination of compressibility. The principle behind
the permeability measurement is to compress a known
amount of material to steady-state with a known piston pres-
sure. A second pressurized fluid source is connected to the
Rowe Cell inducing fluid under pressure (the so-called ‘‘pore
pressure’’) to pass through a channel on the centre axis of
the piston towards the cake. By simultaneously applying a
piston pressure and a pore pressure, it was possible to com-

Figure 3. Rowe Cell cross section showing the
assembled unit used to measure compres-
sibility and permeability.

The pressure source connected to the centre channel of
the piston is connected to fluid reservoir used for
permeability measurement. The second pressure source
(offset) is supplied to the diaphragm used for compressi-
bility measurement.

Figure 4. Rowe Cell filtrate collected as a function of
time for the 5 lm Zirconia at pH 7.3.

Similar trends are observed for the other flocculated materi-
als upon compression.
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press the material to a known solid fraction and to then force
fluid through the cake. By simply rearranging Eq. 13, the
permeability of the cake could be determined from the meas-
ured flux.

Prior to examining the permeability of the various particu-
late assemblages, a pure water flux test was run on the Rowe
Cell with sintered plate, reservoir and filter paper in
sequence. The calculated permeability was measured at sev-
eral pressures and was consistent at 1.5 � 108 Pa/flux unit.
This represents a pressure drop of less than 3% and was con-
sidered acceptable for the purposes of the investigation
reported here.

Procedure. Particles were prepared as described previ-
ously and transferred to the Rowe Cell. The aluminium plate
was replaced with a permeable sintered plate to allow pas-
sage of fluid. The sintered plate was underlain with a layer
of filter paper to prevent particles from permeating back past
the plate, and to provide a seal between the plate and the
outer ring. The plate was then placed onto the consolidated
material. Piston pressure was applied to the plate thereby
consolidating the underlying material. Filtrate was expelled
from the Rowe Cell until no further consolidation occurred
(i.e. the steady-state flux was zero).

At steady-state, a solution of known composition held in a
2 L reservoir was passed through the cake by applying a
defined pore pressure. In these studies, a solution of the same
composition to that used in flocculation was employed to
reduce the likelihood of cake rearrangement due to change in
ionic strength or pH. The filtrate volume was logged at fixed
intervals to enable calculation of the flux. According to Eq.

13, a constant flux is expected as the filtration is being per-
formed at steady-state. K(f) can thus be calculated based on
the measured constant flux and applied pore pressure DPL

with f obtained from the Rowe Cell compressibility experi-
ment.

This procedure was repeated for each of the nominal pres-
sures. For each pressure, equal pore and piston pressures
were applied to minimize further consolidation.

Results and Discussion

Filtration

For each material, filtrations were performed separately
over a range of nominal pressures. The filtrations were
allowed to continue to steady-state (i.e. until there was no
further change in flux). This is illustrated for zirconia in
Figure 5, where it can be seen that filtration to steady-state
typically takes approximately an hour. Filtration runs longer
than 1 h was typically not necessary given the amount of
material used.

A plot of the steady-state flux versus nominal applied gas
pressure is given in Figure 6. For each system we see a trend
expected for a compressible cake with a nonlinear relation-
ship between flux and pressure. For both yeast systems we
observe a maximum flux followed by a decrease at higher
pressures. This maximum flux is referred to as the cut off
flux above which compaction effects lead to reduced perme-
ability and outweigh the effect of increased pressure. It is
noteworthy that similar behavior is often encountered in
water and wastewater treatment systems.

A summary of the calculated parameters are given in
Table 1 with R2 values indicating the quality of fit to the data.

Figure 5. Filtration of zirconia illustrating the time it
takes for steady-state flux to be reached.

Steady-state is typically reached within an hour.

Figure 6. Steady-state flux vs. applied nominal pres-
sures (n) flocculated yeast pH 4.5 (~)
smaller yeast flocs pH 4.5 (^) 5 mm zirconia
pH 7.3 (3) 10 mm zirconia pH 7.3 (l) soil
pH 3.5.

Table 1. Summary of Parameters Calculated by Numerical Analysis of Steady State Filtration Data

C1 C2 C3 C4 C5 C6 R2

Zirconia 1 3.82E � 08 4.53 0.0137 0.0888 1.43 �1.69 1.000
Zirconia 2 3.31E � 08 3.62 0.0579 0.0557 3.45 �1.31 0.999
Yeast 1 3.45E � 09 1.84 �0.0238 0.00700 3.06 �0.710 0.988
Yeast 2a 1.26E � 06 7.09 0.0986 0.0797 0.55 �1.35 0.978
Soil 7.75E � 09 11.7 0.215 0.0349 10.4 �1.41 0.987

aPermeability functional form as K ¼ C1 � 0:7� fð ÞC2 .
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These parameters are obtained directly from the output of the
calculation for the analysis of each set of flux/pressure data
for the five systems. For all systems there is an acceptable
level of correlation with R2 values close to 1 (see technical
appendix for calculation). The sensitivity of the correlation
coefficient to change in parameter value is shown in Figure 7
for the 5 mm zirconia system. These results show that partic-
ular parameters are less sensitive to variation in input data. If
this is observed over a wide variation of input data for a cer-
tain system then it is possible to set the parameter as a con-
stant. This can be useful as fewer data points are required to
meet the required degrees of freedom for the analysis.

Compressive yield stress

The final solid fraction of the Rowe Cell compacted cake
was measured by oven drying. As described earlier, the sub-

sequent solid fractions for the lower pressures could be back
calculated based on the volume of filtrate eluted at each pres-
sure step. We were thus able to generate compressive yield
stress versus solid volume fraction plots for each particle
system of interest. The Rowe Cell compressibility data is
compared with the values predicted from the numerical cake
integration fits to the filtration data (indicated by the solid
line) for the various particle systems of interest shown in
Figure 8.

For the 5 mm zirconia (Figure 8), the predicted PY versus
f plot obtained from the converged model derived from the
gas filtration data appears to agree well with the data
obtained from the piston filtration studies in the moderate to
high pressure range. There does not appear to be any system-
atic deviation of the model from the piston filtration data.
The error bars indicate the uncertainty associated with the
measurement of the solid fraction using direct cake height
measurement. For the 10 mm zirconia (Figure 8), the con-
verged model fit also appears to agree well with the piston
filtration data. Similarly, results from the yeast filtration
show a good fit against the Rowe Cell data in the moderate
to high pressure range as shown in Figure 8. Error in the
measurement of cake height propagates to the final result,
but the model results typically fall within the expected range.

For the moderate to low pressure range, centrifuge experi-
ments were performed to compare to our converged model
fit. The results for the yeast exhibiting small floc size are
shown in Figure 9 and demonstrate that the model derived
from gas filtration data provides a good description of the
compressibility of the material in this range.

All three techniques for measuring the compressive yield
stress of the soil are overlaid in Figure 10 and demonstrate
very similar PY versus f behavior. This is particularly satis-
fying as each of the methods is quite independent of one
another. A slight difference is apparent between the centri-
fuge and odeometer results, with the centrifuge technique
indicating slightly higher solid volume fractions for a given
applied pressure than is suggested by the odeometer analysis.
The difference between these two methods of validation is
most likely due to elastic deformation leading to an underes-
timate of the compressive yield stress to an extent that is dif-
ficult to quantify.

Figure 7. Sensitivity of correlation coefficient to
change in optimum constant values for
5 mm zirconia.

Figure 8. Comparison of the calculated compressive
yield stress vs. direct measurement (n) 5 mm
zirconia, (^) 10 lm zirconia, (l) flocculated
yeast.

Figure 9. Comparison of the calculated compressive
yield stress vs. centrifuge measurement for
the smaller yeast flocs pH 4.5.
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The choice of a logistic functional form for PY appears to
be satisfactory for the range of particle systems examined in
our filtration experiments with convergence of model param-
eters in all cases. Use of conventional power law forms such
as Eq. 9 would not converge to an acceptable residual pres-
sure in any of the systems. This illustrates that it is necessary
to consider nonpower law behavior, particularly at low solid
fractions when modeling filtration processes of flocculated
systems. The functional form used here takes this low solid
fraction behavior into account. At the same time it is shown
to be convenient for the numerical analysis with only four
parameters required to encompass the variety of behavior
observed with minimal computational burden. It should be
noted however that, although the logistic function used here
is convenient, any functional form, including piecewise poly-
nomial, could also be used.

Permeability

The permeability data obtained for zirconia, soil and yeast
samples compressed to achieve a range of solid volume
fractions as illustrated in Figure 11, along with the model pre-

dicted permeabilities for the various materials (derived from
the gas-driven filtration runs). The predicted behavior is
observed to be comparable to the Rowe Cell measurements for
the flocculated yeast and zirconia. However, it is significantly
higher than the Rowe Cell measurements for the soil system
and lower than the Rowe cell measurement for the smaller floc
size yeast. A possible explanation could be that both techniques
calculate permeabilities that are accurate representations of the
respective systems. It is also possible that there is a difference
in the structure of the pores of the different cake materials,
which arises from different flow histories which are unique to
the nature of each technique. The most significant difference is
the high initial flux that is common to gas filtration which, in
our case, is approximately an order of magnitude higher than
the steady-state flux for all materials. We do not observe this in
our Rowe Cell filtration with steady-state flux being reached
almost instantaneously as the consolidation process has been
induced beforehand in a separate process (via the piston).

It is important to recognize that the technique described
here is suitable for systems that exhibit a low cut off flux (as
observed particularly for the small yeast flocs). Although the
yeast exhibits quite normal compressive behavior, the perme-
ability of the material, particularly at higher solid fractions,
is several orders of magnitude lower than the other materials
examined. This suggests that the pore size distribution of the
small yeast flocs is much smaller than for the other material
and is possibly more reflective of a nonflocculated system.

As shown by comparison with the Rowe Cell permeability
measurements, the functional form selected to describe per-
meability is suitable for the range of solid fractions encoun-
tered in this study.

Cake height

The measured cake heights and corresponding calculated
heights are compared in Figure 12. This figure shows good
agreement between the experimental and calculated heights
within the range of experimental error. For the larger cakes
we observe less error by the volume displacement technique

Figure 10. Comparison of the calculated soil compres-
sive yield stress (solid line) vs. Rowe Cell
(~) and centrifuge measurements (n).

Figure 11. Permeability of cake material, measured
directly versus the model fit for soil (~),
smaller yeast flocs (l), flocculated yeast (+),
5 mm zirconia (n) and 10 lm zirconia (^).

Figure 12. Comparison of measured cake height versus
calculated ideal cake for soil (~), smaller
yeast flocs (l), flocculated yeast (1), 5 mm
zirconia (n) and 10 mm zirconia (^).
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as we are working with larger volumes and losses in the
transfer stage are proportionally smaller. Some points fall
outside the range of error but it is stressed that the calculated
fit here reflects the trend based on the best fit of the material
parameters C1 to C6 to the gas filtration results.

Source of errors

Although the model fit calculated from the numerical cake
integration provides comparable results to those determined
by independent means, systematic and random errors are
present. The most significant random error is due to the limi-
tation in the accuracy of our cake height measurement. Ran-
dom error in this measurement is typically less than 5%,
depending on the final cake height. The error is magnified
significantly for much smaller cakes and is thus the reason
why solid loadings are selected that generates cake, which is
greater than 5 mm in thickness. Other random errors arise as
a result of differences in shear magnitude and pH between
each filtration, however, caution was taken to minimize this.

Systematic errors arise from trapped air between the piston
and the cake in the Rowe Cell technique. This certainly leads
to higher than calculated solid fractions, as the dead volume of
filtrate in the exit tube is expelled by air being pushed through
the cake. In addition, the permeability dependence on flux his-
tory is postulated as the reason for the difference between the
gas filtration-derived model and Rowe Cell results. To verify
this we could manually limit the flux during the early stages of
consolidation until steady-state appears to be reached before
removing the imposed flow restriction.

Conclusion

A steady-state filtration technique has been described that
appears to be suitable for characterizing cakes formed from
flocculated materials. By driving gas filtration to steady-state
we obtain stable flux data as input values for a numerical
cake integration procedure. Model parameters for all particle
systems examined had converged based on residual pressure
minimization criteria and compared favorably to direct meas-
urements of permeability and compressibility.

Estimation of the compressive yield stress based on the cake
integration approach described here appears to be consistent
with data obtained by odeometer (Rowe Cell) and centrifuge
methods for all five particle systems examined. In addition, the
calculated permeability for all systems is comparable to that
predicted by the gas filtration-derived model. This suggests
that the model forms used here for both the permeability
(power law) and compressibility (logistic function) are suitable
for this type of application. It is stressed that the model selec-
tion is not restricted to these functions and can essentially be
of any form provided that the ideal calculated flux gives a rea-
sonable fit to the experimental data.
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Notation

Ac ¼ cake area (m2)
A ¼ smiles constant
B ¼ smiles constant

cs ¼ solid volume concentration (Kgm�3)
C ¼ arbitrary constant

C1,C2 ¼ permeability function parameters
C3,C4,C5,C6 ¼ compressibility function parameters

dp ¼ particle diameter (m)
D ¼ diffusivity (m2s�1)
g ¼ gravitational constant (ms�2)
H ¼ cake height (m)
Hf ¼ final cake height-piston filtration (m)

H? ¼ equilibrium cake height-gas filtration (m)
Ho ¼ initial cake/sediment height (m)
i ¼ subscript denoting cake slice number
J ¼ flux (Lm�2hr�1)
K ¼ permeability (s)
m ¼ cake mass per unit area (Kgm�2)
M ¼ compressibility exponent
Mi ¼ cumulative cake mass per unit area (Kgm�2)
n ¼ subscript denoting slice adjacent to membrane
N ¼ compressibility exponent
PY ¼ compressive yield stress (Pa)
PS ¼ solids pressure (pa)
PL ¼ liquid pressure (pa)
DP ¼ liquid pressure drop (pa)
r ¼ radius (m)
R ¼ hindered settling function (Pasm�2)
Rc ¼ cake resistance (m�2)
RM ¼ membrane resistance (m�1)
U ¼ superficial fluid velocity (ms�1)
V ¼ cumulative filtrate volume (m3)
z ¼ cake position perpendicular to filter plane (m)
a ¼ specific cake resistance (mKg�1)
b ¼ fitting parameter
e ¼ residual pressure (Pa)
f ¼ solid volume fraction
fo ¼ initial solid volume fraction
ff ¼ final solid volume fraction
fg ¼ gel point final solid volume fraction
m ¼ dynamic viscosity (Pas)
r ¼ solid density (kgm�3)
c ¼ applied pressure (m H2O)
W ¼ moisture ratio
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Technical Appendix: Numerical Integration
Procedure

The numerical integration of Eq. 15 is performed in dis-
crete slices denoted by subscript i from i ¼ 0 (top of cake)
to i ¼ n (slice adjacent to membrane). Before we evaluate
our model parameter guess we must generate the synthetic
properties for each slice, namely the solid fraction fi. To
achieve this we simulate the process of consolidation under
pressure to achieve a cake, which is at steady-state. We also
introduce the compressive yield stress function PY(f) in
combination with the numerical integration to calculate the
solid fraction for successive slices. The process of consolida-
tion is done via the following iterated procedure

1. Assume initially that the entire cake is at the gel point
solid fraction fg by assigning this solid fraction to each
slice.

2. The calculations described in steps 2 to 4 are performed
for each slice starting at i ¼ 0 (top). First we impose the
experimentally measured steady-state flux Jj and calculate
the pressure drop corresponding to the current slice dPL,i

(Eq. 13). For this calculation we define a permeability func-
tion of the power law form

KðfÞ ¼ C1ð1� fÞC2 (A1)

where C1 and C2 are model parameters. It is stressed that the
choice of functional form is flexible and this assumed form
is one of many possible forms.

3. We then perform the integration of Eq. 15 numerically
to calculate the pressure on the next slice i þ 1.

PS;iþ1 ¼
Z Mi

0

J

KðfÞ dm ¼ DPi þ DPi�1 þ � � � þ DPo (A2)

where Mi is the sum of cake mass above and including the
current slice.

4. On the basis of the compressive yield stress function

and the imposed solid pressure calculated by Eq. A2 we then

calculate the solid fraction of the next slice i þ 1. For our

work we choose a compressive yield stress function of the

logistic form

fiþ1 ¼ fcp �
1þ C3e

�PS;iþ1
C5

1þ C4e
�PS;iþ1

C6

ðfcp � fgÞ
2
4

3
5 (A3)

where fcp is the theoretical closed packing solid fraction or

solid fraction at PS ¼ ?, and C3, C4, C5, and C6 are model

parameters. Here, the substituted value for Ps is log10 (Ps).

The value for fcp is taken to be 0.7.
It is again stressed that the choice of functional form is

flexible. This assumed form is suitable for the range of mate-

rials characterized in our work.
If we repeat the process of steps 2–4 sequentially for each

slice from i ¼ 0 to i ¼ n we can calculate the solid fraction

profile of the entire cake.
5. We calculate the residual pressure DPRes,j as follows

DPRes;j ¼ DPj � PS;n (A4)

where PS,n is the solid pressure imposed by the entire cake at

the final slice i ¼ n and DPj is the experimental trans-cake

pressure drop. On the basis of the calculated solid fraction

profile we re-calculate each solid fraction again by repeating

steps 2–4 until the change in residual pressure DPRes,j does

not differ by >0.1% with successive iterations. At this point

the cake is at steady-state. Figure A1 illustrates a typical iter-

ation.
To test the consistency of the model guess we substitute

the same K(f) and PY(f) functions for several pressures.
The loop is run for each of the nominal pressures used in our
gas filtration experiment 12.5, 25, 50, 100, and 200 kPa and

Figure A1. Typical Iteration for consolidating zirconia.
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flux obtained. If the residual pressure is approximately equal
to actual filtration pressure for each run such that DPRes,j ¼ 0
for all j, then we can conclude that our model parameters are
correct.
To assess the accuracy of the chosen parameters for our

permeability and compressibility model we do a sum of
square error such that

e ¼ P2
Res; 12:5 þ P2

Res; 25 þ � � � þ P2
Res; 200 (A5)

The key to the numerical integration technique is to con-
verge the parameters C1. . .C6 such that we minimize the sum
of square error e.

The parameter convergence process is managed using a
nonlinear unconstrained optimization tool in MATLAB
called fminsearch. By setting up the cake integration as a pa-
rameter optimization problem we can quickly converge to
the most likely fit.
Additional weight is given also to converge the parameters

according to matching the measured cake height with the cal-
culated cake height H?, given by

H1 ¼
Xn
i¼0

dm

rfi

(A6)

where r is the solid density and dm is the mass of cake in
slice i. This is crucial to obtaining a unique solution, as it
reduces the degree of freedom in the calculation. Thus, par-
ticular care must be taken with the cake height measurement
post-filtration, especially with materials which form cakes
which have a tendency to break off.
A schematic of the algorithm is given in Figure A2. Typi-

cally convergence takes around 5 min depending on the ac-
curacy of the starting point guess.
A measure for the goodness of fit for the 6 parameters is

given using the correlation coefficient R2. A separate itera-
tion as given by Eq. 17 is performed to back calculate the
‘‘ideal’’ flux values given the 6 parameter fit, which is then
assigned as our predicted response values. These ideal values
are calculated based on zero residual pressure and hence is a
theoretical perfect fit. On the basis of this we calculate a
sum of squares due to error and routinely calculate an R-
square correlation coefficient as a measure of the goodness of
fit for our converged parameters. This is illustrated in
Figure A3.
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Figure A2. Flow diagram of procedure for selecting the
optimum model parameters.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure A3. Goodness of fit of experimental data (n) to
ideal flux trend (solid line) calculated based
on zero residual pressure for 10 lmzirconia.
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